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SUMMARY
A 3D distinct lattice spring model (DLSM) is proposed where matter is discretized into individual particles
linked by springs. The presented model is different from the conventional lattice spring models where a
shear spring is introduced to model the multibody force by evaluating the spring deformation from the local
strain rather than the particle displacement. By doing this, the proposed model can represent the diversity
of Poisson’s ratio without violating the rotational invariance. The local strain of the spring is calculated
through a least square method which makes the model possessing meshless properties. Because of this
and explicitly representing the microstructure, DLSM is able to model dynamic fracturing problems and
can be used to study the microstructure influences. The material parameters inputted in the model is the
conventional material parameters, e.g. the elastic modules and the Poisson’s ratio. Relationships between
microscopic spring parameters and macroscopic material constants are derived based on the Cauchy–Born
rules and the hyperelastic theory. Numerical examples are presented to show the abilities and properties
of DLSM in modeling elastic and dynamic failure problems. Copyright  2010 John Wiley & Sons, Ltd.
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1. INTRODUCTION
The classical elasticity theory could provide an adequate description of the macroscopic mechanical
response of most materials, although they are actually heterogeneous when viewed at the micro-
scopic level. However, dynamic fracturing of heterogeneous materials, such as rock and concrete,
cannot be modeled realistically without appealing to their microstructures. This requires that a
successful numerical method must be capable of considering not only the elastic stage, but also
the formulation and evolution of micro discontinuities. Lattice models [1, 2] represent materials
by a system of discrete units (e.g. particles) interacting via springs or, more generally, rheological
elements. These discrete units are much coarser than the true atomic ones and may represent larger
volumes of heterogeneities, such as grains or clusters of grains. Lattice models are close relative
to the common finite element method (FEM) when dealing with elastic problems. Yet, due to their
discrete nature, lattice models are known to be more suitable for complex fracturing simulation.
For example, lattice models have been successfully applied to investigate the spatial cooperative
effects of crack formation and heterogeneities in elastic-plastic [3] and elastic-brittle [4] systems.
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However, for lattice models composed of normal springs transmitting central forces only, it is
known that the modeled Poisson’s ratio approaches in the limit of an infinite number of particles,
a fixed value of e.g. 1/4 in three-dimensional cases. This kind of problem has been reported, for
example, in the works of Beale and Strolovitz [5], Srolovitz and Beale [6], Nayfeh and Hefzy
[7], and Donze and Magnier [8]. Such restriction is not suitable for many materials. It can be
overcome by introducing non-central shear-type interactions between particles. One possible way
is to add shear spring between each pair of particles. This approach was applied by Kawai [9]
and Zubelewicz and Bazant [10]. It was investigated in greater detail by Griffiths and Mustoe
[11] and refined by Cusatis et al. [12]. The addition of shear spring allows these lattice models to
model Poisson’s ratios less than 1/4. In addition to the particle displacements, these models also
introduce the particle rotations as degrees of freedom, hence can be viewed as discretizations of
micropolar continua. Another approach is to replace the normal springs by beams, which yields the
so-called lattice beam models (LBMs) [13–16]. LBMs consider not only rotations but also bending
deformations. There are arguments on the inclusion of the latter. For example, Cusatis et al. [12]
pointed out that the bending of beams is not a characteristic of the physical phenomena in the
microstructure. Attempts have also been made to tackle the problem without the cost of introducing
rotational degrees of freedom. The models obtained in this way are usually called as lattice spring
models (LSMs). Hassold and Srolovitz [17] proposed a method to modify the Poisson’s ratio by
introducing a harmonic potential for rotation of bonds from their initial orientation. Here bonds
denote the connecting elements between particles. A non-central two-body interaction limiting the
rotational freedom of bonds is introduced in the Born spring model [18, 19] to allow a broad choice
of Poisson’s ratio. Nevertheless, rotational invariance of the models can only be recovered if a three-
body interaction is considered. The Kirkwood–Keating spring model [20, 21] introduces angular
springs to penalize the angular variations between the contiguous bonds incident onto the same
node. Modeling the multibody interactions by angular springs is not so convenient (the angular
terms are nonlinear functions of displacements) and may bring difficulties in the failure modeling.
Although the aforementioned approaches relax the restriction, they cannot model Poisson’s ratios
greater than 1/4.
In this paper we propose an alternative 3D dynamic lattice spring model which overcomes
the restriction on Poisson’s ratio while preserving the rotational invariance. The model includes
a normal spring and a multibody shear-type spring for each pair of lattice points (particles).
The lattice structure can be either random or regular. It shall be shown that negative shear stiffness
can be adopted in the proposed model to allow the full range of Poisson’s ratio of elastic solid
to be modeled. The deformation of the shear springs is evaluated by using the local strain rather
than the particle displacement. It shall be proven that this technique makes the model rotationally
invariant. The local strain is calculated by a fully meshless approach which avoids meshing or
re-meshing in case of fracture simulation. The method of solving system equations is the same
as used in distinct element method (DEM) developed by Cundall and Strack [22]. In view of the
multibody shear spring and the solver used in the model, we name it as distinct lattice spring
model (DLSM). In DLSM, there is no need to form the global stiffness matrix and only a local
interaction is considered during calculation. This is very suitable for large-scale parallel computing
implementation. The context of the paper is organized as following. First, the proposed model
and associated numerical techniques are described. Second, the relationship between micro spring
stiffness and macro elastic constants is derived. Then, the model is validated through numerical
simulation of three elastic problems, one wave propagation problem and two dynamic failure
problems. The paper ends with some conclusions and remarks.
2. THE DLSM
This section will give the basic conception, formulations, and numerical techniques used in the
DLSM. At the beginning, the physical model and equation of motion of the system and the solution
method will be introduced. Then, mathematical formulation of the interactions between particles
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Figure 1. The physical model and the calculation cycle of DLSM: (a) the physical
model of DLSM and (b) calculation cycle.
will be addressed. The multibody shear spring is introduced in a distinct way using the local
strain to evaluate the shear deformation. A least square method is used to obtain the local strain.
The damping scheme and time step selection will be discussed in the last part.
2.1. Physical model and system equations
In DLSM, material is discretized into mass particles with different sizes. Whenever the gap between
two particles is smaller than a given threshold value, the two particles are linked together through
a bond between their center points (as shown in Figure 1(a)), which consists of normal and shear
springs. The threshold value will influence the lattice structure of the model; different threshold
values would produce different lattice structures. This will be discussed later. The particles and
bonds form a network system representing the material. For this system, its equation of motion
can be expressed as
[K]u+[C]u˙+[M]u¨=F(t) (1)
where u represent the vector of particle displacement, [K] the stiffness matrix, [M] the diagonal
mass matrix, [C] the damping matrix, and F(t) the vector of external force. Equation (1) is solved by
using the explicit central finite difference scheme, which was reported by Rougier et al. [23] as the
most efficient and robust method among the various explicit integration schemes. The calculation
cycle is illustrated in Figure 1(b). Given the particle displacements (either prescribed initially or
obtained from the previous time step), new contacts and broken bonds are detected. The list of
neighboring particles for each particle is updated. Then, contact and spring forces between particles
are calculated according to the prescribed force–displacement relations. The particle velocity is
advanced individually as
u˙
(t+t/2)
i = u˙(t−t/2)i +
∑
F(t)j
mp
t (2)
where u˙(t+t/2)i is the particle velocity at t +t/2, u˙(t−t/2)i the particle velocity at t −t/2, mp the
particle mass,
∑
F(t)j the sum of forces acting on the particle i including applied external forces,
and t the time step. Finally, the new displacement of particle is obtained as
u
(t+t)
i =u(t)i + u˙(t+t/2)i t (3)
where u(t+t)i is the displacement at t +t and u(t)i the displacement at t . This central difference
scheme is equivalent to the Newton’s second law used in DEM and molecular dynamics (MD)
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Figure 2. The force and displacement relationships between two particles and the micro constitutive laws:
(a) the forces on one particle; (b) the normal and shear springs; (c) the shear and normal displacement;
and (d) constitutive laws of lattice springs.
simulations. In the next subsection, the formulation of the interaction forces between particles is
described.
2.2. The interactions between particles
Figure 2(a) shows the forces exerted on one particle. These forces are made up of the external force
and contact force between particles. The interaction between linked particles is represented by one
normal spring and one shear spring as illustrated in Figure 2(b). Different from the conventional
LSMs, the shear spring is introduced to model the multibody non-central interaction and make the
model capable of handling problems with a variable choice of Poisson’s ratio. The normal spring
is implemented in a conventional way. For a bond connecting particle i and particle j , the normal
unit vector n= (nx,ny,nz)T pointing from particle i to particle j is defined (see Figure 2(c)).
The relative displacement is calculated as
ui j =u j −ui (4)
The normal force between the two particles is defined as
Fni j =knuni j (5)
where kn is the stiffness of the normal spring and uni j = (ui j •n)n is the vector of normal displacement(see Figure 2(c)).
For the shear spring, the relative shear displacement between two particles can be obtained
simply as usi j =ui j −uni j like in some conventional LSMs. However, it is straightforward to show
that the shearing force calculated in this way is not rotationally invariant. To overcome the problem,
we propose a local strain-based method. Assuming the strain at the two particles is evaluated as
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[ε]i and [ε] j , respectively, the strain state of the connecting bond is given as the average of the
two particle strains:
[ε]bond = [ε]i +[ε] j2 (6)
where
[ε]=
⎡
⎢⎣
εxx εxy εxz
εyx εyy εyz
εzx εzy εzz
⎤
⎥⎦ .
The shear displacement vector is obtained as
uˆsi j = [ε]bond ·nl −(([ε]bond ·nl)·n)n (7)
where l is the initial bond length, i.e. the initial distance between the pair of particles. Then the
shearing force between the two particles reads as
Fsi j =ksuˆsi j (8)
where ks is the stiffness of the shear spring. The proposed method here together with the strain
calculation procedure described in the next subsection ensures that the model preserves the rota-
tional invariance of LSM consisting of normal springs only. A proof of this is given in Appendix.
Equations (5) and (8) are valid for unbroken bonds. The failure criterion used in DLSM is
shown in Figure 2(d). When the normal or shear displacement of the bond exceeds the prescribed
value, the bond is broken and becomes a contact bond for which only a normal spring with zero
strength is applied. At the current stage, only a simple fracture criterion is adopted and a more
comprehensive study on the fracture criteria is needed. The proposed model has only two spring
parameters and two failure parameters. Hence, it is suitable for microscopic modeling as the lesser
input parameters the easier it is to observe and study the microstructure influence on the mechanical
response of materials.
2.3. The least square method for obtaining the local strain
In DLSM, the local strain of one particle is evaluated by a least square scheme which only uses
the displacement of itself and other particles which have intact bonds with the particle. By doing
so, discontinuities (e.g. fracture/crack) could be directly considered without using the ‘visibility
criterion’ adopted by most meshless methods. First, assume the displacement function within a
small volume (cloud) around the particle can be approximated as a linear function
f (x, y, z)=ax +by+cz+d (9)
Given the displacement of all the particles in the cloud, the coefficients of Equation (9) can be
estimated by using the least square method. Taking the x-component of u as an example, it is
achieved by minimizing the quadratic equation
J =
n∑
j=1
(u j x − uˆ j x )2 (10)
where n is the number of particles in the cloud and uˆ j x is the approximated x-component of u at
particle j which is given as
uˆ j x =ax j +by j +cz j +d (11)
The coefficients are obtained as
= (a b c d)T = (ATA)−1(ATb) (12)
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where
A=
⎡
⎢⎢⎢⎢⎢⎢⎣
x1 y1 z1 1
x2 y2 z2 1
...
...
...
...
xn yn zn 1
⎤
⎥⎥⎥⎥⎥⎥⎦ and b=
⎡
⎢⎢⎢⎢⎢⎢⎣
u1x
u2x
...
unx
⎤
⎥⎥⎥⎥⎥⎥⎦ (13)
Using this approach, the approximated displacement field in the cloud is obtained as linear functions,
of which first-order derivatives yield the strain, e.g. εxx =ux/x =a.
The least square method used in DLSM makes the model fully meshless and the inverse matrix
of AT A (4×4) can be calculated very fast. In a practical simulation, the inverse of AT A may not
exist in some conditions. In this case shear spring will not be considered anymore for the relevant
particles. Since the least square approximation is first-order consistent, it can be proven that the
calculated strain is independent of rotational displacement (see Appendix).
2.4. Damping and time step
The solution scheme used in DLSM is conditionally stable. To keep the computation stable, the
time step could be chosen according to the requirement that it is less than the time needed for
elastic wave propagation through the smallest element of the model. This leads to
tn =min
(
li
Cp
)
(14)
where Cp is the P-wave velocity of the model and li is the i th spring length of the model.
The P-wave velocity of the model can be obtained through
Cp =
√
K +4G/3

(15)
where  is the density, K and G are the bulk and shear elastic modules of the model which have
a relationship with the elastic module E and Poisson’s ratio u as follows:
K = E
3(1−2u) (16)
G = E
2(1+u) (17)
It should be mentioned that the input parameters of DLSM are macroscopic elastic parameters
rather than microscopic spring parameters. This makes the DLSM modeling consistent with the
conventional FEM modeling. The relationship between macroscopic elastic parameters and micro-
scopic spring parameters will be introduced in the next section.
Mechanical damping is used in DLSM to obtain static solutions. For static analysis, the approach
is conceptually similar to dynamic relaxation proposed by Otter et al. [24]. The equations of
motion are damped to reach a force equilibrium state as quickly as possible under the applied
initial and boundary conditions. A local damping scheme, which is used in the DEM to overcome
the difficulties of the velocity-proportional damping, is adopted in DLSM. When the local damping
is incorporated, the equation of motion, Equation (2), is replaced by the following equation:
u˙
(t+t/2)
i = u˙(t−t/2)i +
{∑
F(t)i −
∣∣∣∑F(t)i ∣∣∣sgn(u˙(t−t/2)i )} tmp (18)
where  is the damping constant (set to 0.8 in DLSM) which is dimensionless and independent of
mechanical properties and boundary conditions. This type of damping is equivalent to a local form
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of adaptive damping. By using this damping scheme, the damping forces vanish for steady-state
conditions. The local damping is reported to be under-damped in general. For the dynamic case,
DLSM switches off the damping term (=0) and neglects the strain rate effect. The strain rate
effect is still a debatable issue, for example Li et al. [25] believe that the strain rate is just caused
by the effect of inertia.
3. RELATIONSHIP BETWEEN SPRING PARAMETERS AND ELASTIC CONSTANTS
In this section, the relationship between spring parameters and elastic constants is derived by
following the approach used in the virtual multidimensional internal bond model [26, 27]. The total
strain energy stored per unit volume is
=
∑
b
V
=
∑ (knuni j ·uni j +ksuˆsi j · uˆsi j )
2V
=∑ l2(kniεi j jnεnmm +ks(εkll −iεi j jk)(εkmm −nεnmmk))
2V
(19)
where V is the volume of the modeling domain and i denotes the i-th component of the normal
vector n. The stress tensor of the continuum can be obtained through the Cauchy–Born rule [28]
and the hyperelastic theory [29], and it can be written as
i j = εi j
=∑ l2(kni jnεnmm +ks(εikk j −nεnmmi j ))
V
(20)
The elastic modulus is expressed as
ci jnm = 
2
εi jεnm
=∑ l2(kni jnm +ks(in jm −i jnm))
V
(21)
When the total number of bonds is large enough, Equation (21) can be written in the integral
form as
ci jnm = 1V
∫ l2
l1
∫ 
0
∫ 2
0
l2(kni jnm +ks(in jm −i jnm))D(l,,	) sin()dd	dl (22)
where D(l,,	) sin()dd	dl is the number of multidimensional internal bonds in the undeformed
solid with bond length between (l, l +dl) and bond orientation between (,+d) and (	,	+d	).
For the isotropic material, the bonds distribute uniformly in each direction. So the bond distribution
function D(l,,	) is reduced to N (l)/2 with N (l)dl being the number of multidimensional
internal bonds with length between (l, l +dl). In numerical methods e.g. FEM, the elastic tensor
ci jnm is often written in the elastic matrix form as follows:
X=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
C1111 C1122 C1133
1
2
(C1112 +C1121) 12 (C1132 +C1123)
1
2
(C1113 +C1131)
C2211 C2222 C2233
1
2
(C2212 +C2221) 12 (C2232 +C2223)
1
2
(C2213 +C2231)
C3311 C3322 C3333
1
2
(C3312 +C3321) 12 (C3332 +C3323)
1
2
(C3313 +C3331)
C1211 C1222 C1233
1
2
(C1212 +C1221) 12 (C1232 +C1223)
1
2
(C1213 +C1231)
C2311 C2322 C2333
1
2
(C2312 +C2321) 12 (C2332 +C2323)
1
2
(C2313 +C2331)
C1311 C1322 C1333
1
2
(C1312 +C1321) 12 (C1332 +C1323)
1
2
(C1313 +C1331)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(23)
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For the linear elastic cases, the tangent modulus is equal to the secant modulus and Equation (22)
can be considered as the secant modulus. So the following relationship exists:
r=X·ε (24)
where r= [11,22,33,12,23,13]T and ε= [ε11,ε22,ε33,2ε12,2ε23,2ε13]T. Here i j and
εi j are the components of stress and strain tensors, respectively. By integrating Equation (22)
for the case of isotropic material and using Equation (23), the corresponding elastic matrix is
obtained as:
X=
∫ l2
l1 l
2 N (l)dl
15L3
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
3kn +2ks kn −ks kn −ks 0 0 0
3kn +2ks kn −ks 0 0 0
3kn+2ks 0 0 0
kn+1.5ks 0 0
Symmetry kn+1.5ks 0
kn +1.5ks
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(25)
Let 3D =∫ l2l1 l2 N (l)dl/L3, then the relationship between the micromechanical parameters kn, ks
and the macro material constants, i.e. the Young’s modulus E and the Poisson ratio 
 can be
obtained by comparing Equation (25) to the classical elastic matrix as follows:
kn = 3E
3D(1−2v)
ks = 3(1−4v)E
3D(1+v)(1−2v)
(26)
Here 3D can be regarded as a microstructure geometry coefficient.
Given the geometry data of the LSM, 3D can be estimated through
3D =
∑
l2i
V
(27)
where li is the original length of the i-th bond. Equations (26) and (27) are used to estimate
kn and ks of the proposed DLSM for numerical simulation of elastic problems. In the next section,
numerical examples of validation and application of the model is presented.
4. NUMERICAL EXAMPLES
4.1. Simple cube under pure tensile loading
In this section the pure tensile loading of a cubic cell with a length of 10 mm is simulated.
The purpose is to study the influence of lattice structure on the mechanical response. The model
setup and three different particle distributions are shown in Figure 3(a). The first one is the simple
cubic model for which particle arrangement is shown in Figure 3(b). The simple cubic struc-
ture is one of the most common crystal structures. The second one is the body-centered cubic
(BCC) model. The third one is the random distributed model which is generated by the PFC3D
code of Itasca Consulting group and the details of this generation method were described in
[30]. The lattice structure is formed according to the threshold value of particle gap. Different
threshold values would lead to different lattice structures. Figure 4 shows the structures of the
three particle models. For the simple cubic case, there are three types of structure: cubic I
(shown in Figure 4(a)), cubic II (shown in Figure 4(b)), and cubic III (shown in Figure 4(c)).
For the BCC model, two types of structure are considered, the first one is BCC I (shown in
Figure 4(d)) and the second is BCC II (shown in Figure 4(e)). For the random structure, only
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Figure 3. The 1/8 part of the cubic cell under uniaxial tensile loading and
different microstructures: (a) 1/8 part of the specimen; (b) simple cubic structure;
(c) body centered structure; and (d) random structure.
Figure 4. Different lattice structures created by using different interaction ranges: (a) Cubic I; (b) Cubic II;
(c) Cubic III; (d) BCC I; (e) BCC II; and (f) random structure.
one case is studied (see Figure 4(f)). The number of particles is 125 in the simple cubic model,
189 in the BCC model and 100 in the random model. Simulations are performed to study the
microstructure influence on the mechanical response of the lattice model. All the models are
calculated for different Poisson’s ratios ranging from 0.2 to 0.3 and a fixed elastic modulus
10 GPa. The time step is selected according to Equation (14). The simulation results show that this
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Figure 5. The stable (a) and unstable (b) case of DLSM for simulating tensile loading of a simple cube.
time step selection criterion is correct. For obtaining a static solution, the local damping scheme
is used.
Equation (26) indicates that a shear spring of negative stiffness would occur when the Poisson’s
ratio is greater than 1/4. The negative spring seems non-physical, but for DLSM, shear spring is
introduced in a way to model the multibody interactions, so negative stiffness may result from a
structural effect of the high Poisson’s ratio material. In reality, materials with negative stiffness are
also reported and used for extreme damping in composite materials [31]. From our simulations, it
is shown that the lattice model is convergent for most of the lattice structures except for the cubic I
case. Figure 5 shows the kinetic energy varying with the iteration steps during the calculation
using the cubic I model. For the stable case (
1/4), the model will reach a static equilibrium
state and the kinetic energy of the model will be zero as shown in Figure 5(a). Whereas for the
unstable case the kinetic energy increases to a divergent state and the model collapses as shown in
Figure 5(b). Table I lists the simulation results of different models with different Poisson’s ratios.
Results shown are the z-direction displacement of the center particle in the top surface. As the
particle is a sphere with a radius of 1 mm and the boundary force (P =1MPa) is applied at the
center of the sphere, the effective length is He =8mm (the sample length minus twice the radius).
So the expected value for the z-direction displacement is He P/E =0.0008mm for all the cases.
From the results we can see that the cubic I and cubic III are not good for the simulation of
isotropic elasticity. Because the first one is unstable for Poisson’s ratio greater than 1/4 and the
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Table I. The z-direction displacement predicted by different microstructure models with different
Poisson’s ratios for the simple cube problem.
Poisson’s ratio
u∗z (mm) 0.2 0.25 0.30
Models
Cubic I 0.00038 0.00032 Unstable
Cubic II 0.00058 0.00058 0.00057
Cubic III 0.00072 0.00086 0.00120
BCC I 0.00057 0.00058 0.00058
BCC II 0.00060 0.00062 0.00065
Rand 0.00070 0.00073 0.00078
∗The expected value is 0.0008 mm for all the cases.
1MPaP =
40mm
10mm × 10mm
10GPa
0.3
32500kg/m
E
u
ρ
=
=
=
Figure 6. The boundary conditions and material parameters for the beam bending problem.
second one cannot reflect well the correct Poisson’s effect (the displacement is too sensitive to the
change of Poisson’s ratio). We see that the predicted displacements of the measured particle have
relative errors of about 20% for each case. This is due to a small number of particles being used.
Our purpose in this section is not to compare the elasticity solution with the lattice model but
to study the structure influence on the mechanical behavior of the proposed lattice model. In the
following section a more complex problem will be simulated to verify the ability of DLSM for
modeling the elasticity.
4.2. Beam subjected to bending
The previous example shows that the lattice structure has great influence on the simulation results.
It is found that the Cubic I lattice structure is not stable and cannot be used to model the elasticity
correctly. In this section, a problem with more complex loading conditions is simulated using a
large number of particles to further check whether DLSM could reproduce the elasticity correctly.
Another purpose of this example is to screen out the most proper lattice structures. Figure 6
gives the geometry information, the boundary conditions, and the material parameters. The left
end of the beam is fixed and the right end is subjected to a shearing force of 1 MPa. The beam
will undergo a complex stress condition, i.e. tensile, compressive, and shear stress would appear.
Figure 7(a) shows the FEM model and the DLSM model of different structures. The FEM solution
is used as the reference one for comparing with the DLSM results. The resolution of the FEM
model is 10×10×40 using 4000 evenly distributed eight-node elements. The lattice model has
4000 particles in case of regular structure and 4965 particles in case of random structure. Figure 7
shows the simulation results of FEM and DLSM. It is found that the lattice model could reproduce
the same displacement distribution as the FEM model. This means the lattice model can be
regarded as a valid representation of isotropic elastic material. Quantitative comparison is given
in Figure 8, where the y-direction displacements of the middle line of the beam predicted by
FEM and DLSM are shown. The results of the lattice model with cubic II, BCC I, BCC II,
and random structure have a good agreement with the FEM solution. However, the model with
cubic III structure does not yield satisfactory results. This implies that the cubic III structure
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Figure 7. Numerical models (a) and contour plot of the displacement results
(z-direction (b); y-direction (c) and x-direction (d)) predicted by FEM and DLSM for
the beam bending problem with Poisson’s ratio of 0.2.
does not correspond to an elastic material. Comparing with the first example, the number of
particles plays a very important role in the LSM for accurate modeling of the isotropic elasticity
and the relative error here is reduced to 5%. It is important to point out that the simulations
have been performed with Poisson’s ratio of 0.3, i.e. negative shear springs being used. All of
these models are convergent and correct solutions are obtained as demonstrated by the results
presented in Figure 8. From the above studies, it can be concluded that the Cubic II structure
is the most suitable lattice structure in terms of accuracy and efficiency. This structure is much
easier to be generated (compared with the random one) and contains a smaller total number of
particles for the same model resolution (defined by the number of divisions in each dimension)
compared with the BCC structures. As the contour map cannot give a quantitative comparison
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Figure 8. The y-direction displacement along the middle line of the beam predicted by FEM and DLSM
with different lattice structures with Poisson’s ratio of 0.3.
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Figure 9. Quantitative comparison of the displacement field predicted by FEM and DLSM.
between the DLSM and FEM results, two section lines, Line I ((0.125, 2.125, 2.125)–(39.125,
2.125, 2.125)) and Line II ((0.125, 8.125, 8.125)–(39.125, 8.125, 8.125)), are selected to record
displacements predicted by the DLSM model using a higher resolution with particle size of
0.25 mm. A full comparison with the displacement field of FEM is given in Figure 9. It can be seen
that the displacement field predicted by DLSM is almost identical to that of FEM model. For the
y-direction displacement along these two lines, the maximum errors of the DLSM model are
1.53 and 1.13%, respectively. Additionally, a slender beam problem (see Figure 10(a) for detailed
problem description) which was solved by using another discrete lattice model in [32] is simulated
by DLSM. Particle size used is 1 mm and the DLSM modeling result is shown in Figure 10(b).
The predicted top-end displacement is 3.967 mm which is 0.82% stiffer than the analytical solution,
whereas the discrete model in [32] with similar resolution provided an error around 10–15%. For
the two beam bending problems, the regular Cubic II structure can predict correct results. However,
the DLSM model based on the Cubic II structure is not strictly isotropic because of the regular
arrangement of particles and hence the non-uniform distribution of bonds. The influence of this kind
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Figure 10. The slender beam problem (a) and the results (b) of the DLSM model.
of anisotropy on the numerical simulation of isotropic elastic materials will be studied in the next
example.
4.3. The braziliar test
In this section the braziliar disc problem is selected to study the anisotropic effects of the DLSM
model. As shown in Figure 11, two DLSM models of two different lattice structures are used
for this study. The elastic properties of the modeled isotopic material are E =10GPa and 
=0.2.
The average particle diameter of the random lattice model generated by PFC is 7.15 mm and that
of the Cubic II lattice is 5 mm. In order to check the anisotropic behavior of the two DLSM models,
the original models are rotated to different angles (10◦,30◦,45◦) as shown in Figure 12. The strain
component εxx at the center of the disc is calculated by the rotated models and is compared with
the value obtained by the original model. From the results given in Table II, it can be seen that
for the random model, the differences caused by the rotation are small (less than 2%) and for
the Cubic II model the maximum difference happens at the rotation angle of 45◦, which reaches
9.2% for a low space resolution. In this sense, the random model is a more realistic choice for
the simulation of isotropic elastic materials. However, as we mention before, the generation of
this kind of model is complex and time consuming. Regarding the fact that the Cubic II model
with a high resolution (100×100×10) reduces the maximum difference to 5.34% (see Table II),
which is acceptable for practical applications, we recommend it as an alternative choice, especially
when efficiency is considered to be prior. The particle size of the high-resolution DLSM model is
1 mm and the whole model is made up of 100 000 particles. This DLSM model is then used to
simulate the braziliar disc problem for different Poisson’s ratios. The results obtained by different
methods, including FEM as a reference solution, are summarized in Table III, where CLSM stands
for the classical lattice spring model which directly calculates the deformation of shear springs
using the particle displacement. Here, the particle size of DLSM and CLSM are both taken as
1 mm. Cubic II is selected as the lattice type. The elastic module is taken as 10 GPa and the
Poisson’s ratio is taken as 0.10, 0.20, 0.25, and 0.30. The spring parameters are calculated based
on Equation (26) for both DLSM and CLSM. The comparison is used to illustrate the importance
of keeping rotation invariance. From the results, it can be seen that the Poisson’s ratio has a great
influence on the results and the Poisson’s ratio dependant mechanical response can be well captured
by FEM and DLSM. However, CLSM could only provide reasonable results at the Poisson’s ratio
of 0.25 when shear spring does not present. This indicates that preserving the rotation invariance
is very important for the LSM.
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Figure 11. Two lattice structures for the braziliar disc problem: (a) the random lattice structure model
(left: plane view) and (b) the Cubic II lattice structure model (left: plane view).
4.4. Elastic wave propagation
Wave propagation can be viewed as the transmission of dynamic loads through materials. It is an
important research issue in dynamic failure study. For example, the prediction of wave attenuation
across fractured rock masses is very important in solving problems in geophysics, seismic inves-
tigations, and rock protective engineering. Numerical methods and computing techniques have
been proven as a powerful and effective tool to simulate and model rock mechanical problems,
for example in the work of Chen and Zhao [33], wave propagation in jointed rock masses was
studied through DEM. The following example will show the ability of DLSM in modeling wave
propagation in elastic materials. Wave propagation through an assembly of discrete bodies is,
in general, dispersive. That is, the apparent wave velocity depends on wavelength, particularly
for wavelengths that approach the average particle size. For longer wavelengths, the propagation
behaviors, as in a continuous elastic medium, are without an internal length scale. The example
illustrates wave propagation through a one-dimensional bar composed of 20 000 particles bonded
together. The right-hand side of the bar is free and an input pulse is applied at the left-hand
boundary. In DLSM, the input parameters are the macroscopic parameters and the microscopic
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Figure 12. The lattice models with different rotation angles for the braziliar disc problem:
(a) Random 0◦; (b) Random 10◦; (c) Random 30◦; (d) Random 45◦; (e) Cubic II 0◦;
(f) Cubic II 10◦; (g) Cubic II 30◦; and (h) Cubic II 45◦.
Table II. The predicted εxx at the disc center by DLSM models with different rotated angles.
Random model Cubic II model Cubic II model (high resolution)
Rotation angle (◦) εcenterx x (10−6) Error (%) εcenterx x (10−6) Error (%) εcenterx x (10−6) Error (%)
0 0.0717 0.00 0.0674 0.00 0.0749 0.00
10 0.0718 0.11 0.0651 3.41 0.0738 1.47
30 0.0710 0.94 0.0644 4.45 0.0738 1.47
45 0.0705 1.65 0.0612 9.20 0.0709 5.34
Table III. The results predicted by FEM, DLSM, and CLSM for the Brazilian disc problem.
DLSM CLSM
Poisson’s ratio FEM (10−6) εcenterx x (10−6) Error (%) εcenterx x (10−6) Error (%)
0.10 0.0794 0.0749 5.6 0.0207 74.0
0.20 0.0982 0.0941 4.1 0.0545 44.5
0.25 0.1076 0.1040 3.3 0.1040 3.3
0.30 0.1170 0.1144 2.3 Unstable Unstable
parameters are automatically computed from Equation (26). In the following calculations, it is
assumed that the elastic modulus is 80.461 GPa and the Poisson’s ratio is 0.2563 and the rock
density is 2600kg/m3, which are typical parameters for the Bukit Timah granite. The theoretical
wave velocity of P-wave and S-wave is calculated as:
Vp =
√
K +4G/3

=6128.68m/s (28)
Vs =
√
G/=3508.295m/s (29)
where K and G are the bulk and shear stiffness of the material which can be obtained from
Equations (16) and (17) and  is the density. A half-cycle sinusoidal wave with 1MPa amplitude
is applied at the left boundary as the incident wave, where the sinusoidal wave is 50 000 Hz. Three
detection points A(4.5, 4.5, 49.5), B(4.5, 4.5, 99.5), C(4.5, 4.5, 149.5) are placed in the bar to
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Figure 13. Wave propagation history at the detection points: (a) P-wave and (b) S-wave.
record the wave propagation. Figure 13 shows the propagation of P-wave and S-wave at the three
points. From these data we obtain
Cˆp = dAC
tpAC
= 100×10
−3
2.862×10−5−1.264×10−5 =6257.8m/s (30)
Cˆs = dACt sAC
= 100×10
−3
4.725×10−5−1.890×10−5 =3527.3m/s (31)
where Cˆp and Cˆs are the calculated P-wave speed and S-wave speed. dAC is the distance from
A point to C point. tpAC and t
s
AC are the time used for P-wave and S-wave transmitted from A point
to C point. The error of the calculated speed is 2.11% for P-wave and 0.54% for S-wave. It can
be concluded that the DLSM could predict correct wave propagation speed. The Poisson’s ratio
is greater than 0.25, hence again the model here has negative shear springs involved. This means
negative spring is also applicable in DLSM for dynamics problems. Figure 14 shows the contour
map of particle velocity. From this figure, the propagation and reflection of the stress wave can be
observed clearly. Overall, this example demonstrates that the dynamic behaviors of elastic material
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Figure 14. The process of wave propagation through the elastic bar predicted by DLSM.
could be well predicted by DLSM and gives us confidence to use DLSM to study the dynamic
failure behavior of elastic material in the following two examples.
4.5. Dynamic spalling of 3D bar
The dynamic spalling of quasi-brittle material occurs when an incident compressive wave is
reflected by a free end and transformed into a tensile one. Spalling happens when the inputted
incident compressive stress wave is lower than the material compressive strength whereas it is
larger than its tensile strength. It has been successfully simulated by the FEM in the work of Zhu
and Tang [34]. In this subsection, the ability of DLSM on modeling the dynamic fracturing process
will be studied through this example.
The geometries and loading conditions for the bar model are shown in Figure 15. The mechanical
properties of the bar are as follows: the Young’s modulus is 60.0 GPa, the direct tensile strength
is 19.0 MPa, and the Poisson’s ratio is 0.20. The model is 200 mm in length, 10 mm in width and
height, and it is discretized with 200×10×10 particles. The incident compressive stress wave is
applied at the left end of the bar. The right end is kept free during calculation. Other faces are
fixed in their normal directions. Two cases were simulated. Different compressive incident waves
were applied on the left surface of the model (as shown in Figure 15) to study the stress amplitude
influence on the spalling failure. For the incident compressive stress wave I (pmax =20MPa),
a fracture face located at 24 mm from the right end of the model is detected (see Figure 16).
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Figure 15. The incident compressive stress waves with different peak amplitudes
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Figure 16. Dynamic spalling predicted by DLSM (incident compressive stress wave of 20 MPa).
The principle behind this phenomenon can be explained as follows. First, the compressive stress
wave travels through the bar and reaches the right end. Because of the wave reflection, the original
compressive stress wave will be transformed into a tensile stress wave which eventually induces
the failure. After this, the strain energy is released and the stress amplitude of the residual wave
is not large enough anymore to cause further failure.
For the incident compressive stress wave II (pmax =40MPa) where the peak value of the stress
is twice bigger than the tensile strength of the material, two apparent successive spalling failures
occur (see Figure 17). The first fracture surface happens at 12 mm from the right end of the
model. After failure, the yielded surface reduces a portion of the original wave (see Figure 17).
Meanwhile, the fraction of the stress wave that has passed the first failure surface continues
traveling along the specimen. Because its magnitude is still larger than the tensile strength of
the material, another spalling failure happens. The second failure surface occurs at 25 mm from
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Figure 17. Dynamic spalling predicted by DLSM (incident compressive stress wave of 40 MPa).
Table IV. The spalling results predicted by DLSM.
Number of spalling Distance from the specimen end (mm)
Theoretical DLSM Theoretical DLSM Relative error
Stress wave I 1 1 24.50 24 2.0%
Stress wave II 2 2 12.25 12 2.0%
24.50 25 2.0%
Large body : 
v
Small body: 
50mm × 50mm × 5mm
10mm × 10mm × 10mm
Figure 18. Diagram for the collision of two bodies.
the right end of the model. After this, the residual stress wave is not strong enough to fracture the
material. The simulation results of DLSM are compared with the theoretical solutions based on
1D wave propagation theory [35] and the experimental observations [36] (see Table IV). Based on
these results, it can be concluded that the DLSM is able to model the dynamic failure process of
brittle materials, e.g. rock and concrete, under dynamic loading.
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Table V. Parameter values for the simulation of the collision problem.
Elastic modules (GPa) Poisson’s ratio Density (kg/m3) Strength (MPa)
Small body 120 0.2 7900 30 000
Large body 60 0.2 2500 16/0.59/0.16
Figure 19. DLSM simulation of the dynamic failure process of the large body impacted
by the intruder: (a) large body with strength of 16 MPa; (b) large body with strength
of 0.59 MPa; and (c) large body with strength of 0.16 MPa.
4.6. Collision of two bodies
The collision of two bodies made from different materials is selected as another example to
illustrate the simulation of dynamic failure using DLSM. A sketch of the initial configuration for
the simulation is shown in Figure 18. The smaller body (called intruder here) strikes the large
body with a high velocity. At the beginning of the simulation, the two bodies are formed using
10×10×10 and 50×50×5 particles, respectively. The velocity of the intruder is initially set to
v=100mm/s. Table V shows the parameter values for the simulation. The strength of the large
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body is set to different values to study the effect of the strength on the collision results. The elastic
parameters are chosen in such a way that the two bodies are rather stiff. Figure 19 shows the results
of the simulation. The color of each particle represents its velocity in z-direction. It is found that
immediately after impact shock waves start to spread through the larger body. They first appear on
the surface and then propagate into the internal part of the body. In the first case (see Figure 19(a)),
the larger body keeps intact after collision. In the latter two cases (Figures 19(b, c)), the larger
body is completely destroyed under the impact of the small body. Because of the simple fracture
criterion used in the simulation, the results only qualitatively demonstrate the collision of solid
bodies. More realistic and quantitative simulation can be accomplished if more advanced micro
failure laws are implemented.
5. CONCLUSIONS
This paper presents a novel 3D LSM, in which the deformation of shear springs is calculated by
using the local strain instead of the particle displacement. It has been proven that this novelty
makes the model rotationally invariant and be capable of representing the diversity of Poisson’s
ratio. Based on the Cauchy–Born rules, the relationship which bridges the spring parameters and
the elastic constants is derived. Several numerical examples are presented to show that the proposed
model is capable of modeling the elasticity, wave propagation, and dynamic failure. For Poisson’s
ratio greater than 1/4, the model with negative shear springs still produces reasonable results for
both static and dynamic cases as demonstrated numerically. The DLSM model has advantages
of directly using macroscopic parameters and allowing general lattice structures to be adopted.
The disadvantage of the proposed model is that a local strain has to be calculated which costs more
computing resources than the classical lattice model does. Generally speaking, like other discrete
models based on the minimum potential energy principle, this model gives a stiff approximation
of the corresponding elastic solution. The proposed model supplies an alternative numerical tool
for studying the microstructure influences on dynamic fracturing of geo-materials, such as rock
and concrete.
APPENDIX A
In this appendix, Equation (7) used for evaluating the deformation of shear springs in DLSM is
derived. First, consider a cubic unit volume containing a bond connecting two particles as shown
in Figure A1. The complete first-order displacement function of the cubic is
⎛
⎜⎝
ux
uy
uz
⎞
⎟⎠=
⎛
⎜⎝
a0 a1 a2 a3
b0 b1 b2 b3
c0 c1 c2 c3
⎞
⎟⎠
⎛
⎜⎜⎜⎜⎝
1
x
y
z
⎞
⎟⎟⎟⎟⎠ (A1)
Figure A1. Illustration of the deformation of a cubic unit with a bond connecting two particles.
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Assuming the center of the block at (xc, yc, zc), then its displacement is represented by⎛
⎜⎜⎝
ucx
ucy
ucz
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⎛
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⎟⎠
⎛
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1
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yc
zc
⎞
⎟⎟⎟⎟⎠ (A2)
Subtracting (A2) from (A1) gives
⎛
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Equation (A3) can be further written as⎛
⎜⎝
ux
uy
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From (A4), we have
εxx = uxx =a1
εyy = uyy =b2
εzz = uzz =c3
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Using the above relations, Equation (A4) can be transformed into⎛
⎜⎝
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where
[D0] =
⎛
⎜⎝
1 0 0
0 1 0
0 0 1
⎞
⎟⎠
[D1] =
⎛
⎜⎝
0 z−zc −(y− yc)
−(z−zc) 0 x −xc
y− yc −(x −xc) 0
⎞
⎟⎠
[D2] =
⎛
⎜⎝
x −xc 0 0
0 y− yc 0
0 0 z−zc
⎞
⎟⎠
[D3] =
⎛
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0 z−zc y− yc
z−zc 0 x −xc
y− yc x −xc 0
⎞
⎟⎠
Denoting the coordinates of the two particles in the cubic as (x1, y1, z1) and (x2, y2, z2) and the
displacement of them as (u1,v1,w1) and (u2,v2,w2), the relative displacement vector between the
two particles is
⎛
⎜⎝
u12x
u12y
u12z
⎞
⎟⎠=
⎛
⎜⎝
u2x −u1x
u2y −u1y
u2z −u1z
⎞
⎟⎠ (A6)
and the normal unit vector is
⎛
⎜⎝
nx
ny
nz
⎞
⎟⎠=
⎛
⎜⎜⎜⎜⎜⎜⎝
x2 −x1
l
y2 − y1
l
z2 −z1
l
⎞
⎟⎟⎟⎟⎟⎟⎠ (A7)
where l is the length of the bond. The relative normal displacement vector is defined as
⎛
⎜⎜⎝
un12x
un12y
un12z
⎞
⎟⎟⎠=
⎛
⎜⎜⎝
⎛
⎜⎝
u12x
u12y
u12z
⎞
⎟⎠
T⎛⎜⎜⎝
nx
ny
nz
⎞
⎟⎟⎠
⎞
⎟⎟⎠
⎛
⎜⎝
nx
ny
nz
⎞
⎟⎠ (A8)
By vector operation, the relative shear displacement vector is obtained as
⎛
⎜⎜⎝
us12x
us12y
us12z
⎞
⎟⎟⎠=
⎛
⎜⎝
u12x
u12y
u12z
⎞
⎟⎠−
⎛
⎜⎜⎝
un12x
un12y
un12z
⎞
⎟⎟⎠=
⎛
⎜⎝
u12x
u12y
u12z
⎞
⎟⎠−
⎛
⎜⎜⎝
⎛
⎜⎝
u12x
u12y
u12z
⎞
⎟⎠
T⎛
⎜⎝
nx
ny
nz
⎞
⎟⎠
⎞
⎟⎟⎠
⎛
⎜⎝
nx
ny
nz
⎞
⎟⎠ (A9)
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Now, applying Equation (A5), the relative displacement vector can be represented as⎛
⎜⎝
u2x −u1x
u2y −u1y
u2z −u1z
⎞
⎟⎠=
⎛
⎜⎝
x2 −x1 0 0
0 y2 − y1 0
0 0 z2 −z1
⎞
⎟⎠
⎛
⎜⎝
εxx
εyy
εzz
⎞
⎟⎠+
⎛
⎜⎝
0 z2 −z1 y2 − y1
z2 −z1 0 x2 −x1
y2− y1 x2 −x1 0
⎞
⎟⎠
⎛
⎜⎝
εyz
εzx
εxy
⎞
⎟⎠
︸ ︷︷ ︸
strain-related term
+
⎛
⎜⎝
0 z2 −z1 −(y2 − y1)
−(z2 −z1) 0 x2 −x1
y2− y1 −(x2 −x1) 0
⎞
⎟⎠
⎛
⎜⎝
x
y
z
⎞
⎟⎠
︸ ︷︷ ︸
rotation-related term
(A10)
With the above equation, it is straightforward to show that the relative normal displacement vector
is only dependant on the strain-related term because of the following equivalence:⎛
⎜⎝
0 z2 −z1 −(y2 − y1)
−(z2 −z1) 0 x2−x1
y2 − y1 −(x2−x1) 0
⎞
⎟⎠
⎛
⎜⎝
x2 −x1
y2 − y1
z2 −z1
⎞
⎟⎠=0
However, for the relative shear displacement vector, if we directly substitute (A10) into (A9), the
rotation-related term will not vanish. It is known that rigid rotation of the cubic should not produce
strain energy. Therefore, in DLSM, the rotation-related term is removed from the calculation of
the relative shear displacement vector, namely, the relative displacement vector in (A9) is not
calculated anymore by using (A10) or (A6), but by the following:⎛
⎜⎝
uˆ12x
uˆ12y
uˆ12z
⎞
⎟⎠=
⎛
⎜⎝
x2 −x1 0 0
0 y2 − y1 0
0 0 z2 −z1
⎞
⎟⎠
⎛
⎜⎝
εxx
εyy
εzz
⎞
⎟⎠+
⎛
⎜⎝
0 z2 −z1 y2− y1
z2 −z1 0 x2−x1
y2 − y1 x2 −x1 0
⎞
⎟⎠
⎛
⎜⎝
εyz
εzx
εxy
⎞
⎟⎠
=
⎛
⎜⎝
εxx εxy εzx
εxy εyy εyz
εzx εyz εzz
⎞
⎟⎠
⎛
⎜⎝
x2−x1
y2− y1
z2 −z1
⎞
⎟⎠ (A11)
Writing (A11) in the vector form, we get
uˆi j = [ε]·nl (A12)
Finally, the relative shear displacement vector (the vector form of (A9)) can be written as
uˆsi j = [ε]·nl −(([ε]·nl)·n)n (A13)
which is Equation (7) in the context.
Moreover, consider one rigid body rotation defined by
u(x)=x×x (A14)
where x is the angular displacement vector with components [x ,y,z]T. By simple derivation,
the true gradient of this displacement field is found to be
∇u=
⎛
⎜⎝
0 −z y
z 0 −x
−y x 0
⎞
⎟⎠ (A15)
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It is obvious that the strain tensor ε= (∇u+∇uT)/2 vanishes given the skew nature of ∇u.
The least square approximation adopted in DLSM to calculate the gradient of the displacement
field is first-order consistent, i.e. it is able to reproduce any linear function and its gradient, so the
correct skew nature of ∇u is kept numerically. Therefore, the calculated strain ε is also invariant
with respect to the rigid body rotation.
Overall, it is ensured that the DLSM is rotationally invariant in the sense that the strain energy
is independent of rigid rotation.
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